The algebraic translational surface is a typical modeling surface in computer aided design and architecture industry. In this paper, we give a necessary and sufficient condition so that an algebraic affine surface V is a translational surface. The proof is constructive and thus, if V is translational, we give a standard parametric representation of V.
INTRODUCTION
In computer aided geometric design and geometric modeling, we often use some common surface to construct a complex model. These common surfaces are generally called basic modeling surfaces, and they should have some advantages such as simple and widely used. The simple surfaces refer the ones with low degree; for instance, quadratic surfaces and cubic surfaces. The widely used surface refer the ones common in industrial design; for instance, ruled surfaces, swept surfaces, and translational surfaces [3, 4] .
In this paper, we study the translational surface which is very useful in industrial design and CAD. A translational surface has the simple structure of being generated by two space curves Ci, i = 1, 2. More precisely, let Pi(ti), i = 1, 2 be the parametrization of the space curve Ci, i = 1, 2, respectively, that intersect at a common point a = P1(0) = P2(0). A translational surface is defined by P(t1, t2) = P1(t1) + P2(t2) − a (see Chapter 15.3 of [1] ). W.l.o.g, we set a = 0. In fact, if P(t1, t2) = P1(t1) + P2(t2), theñ P(t1, t2) = (P1(t1) − P1(0)) + (P2(t2) − P2(0)) parametrizes a translational surface up to a suitable transformation of P.
Recently, many researchers have shown an increased interest in geometric modeling with implicit equations (see [7, 8] ). This leads us to consider the problem from the implicit point of view. That is, we analyze whether a given algebraic affine surface V is translational and, in the affirmative case, we compute a parametrization of V of the form P1(t1) + P2(t2). Based on this fact, first we find a space curve which can play the role C1. Then we compute a parametrization P1(t1) for it. Successively, we find C2 and we compute a parametrization P2(t2) for it. Finally, we get a parametrization P(t1, t2) = P1(t1) + P2(t2) for the given algebraic translational surface V.
MAIN RESULTS
Let V be an algebraic affine surface over an algebraically closed field of characteristic zero
In the following, we analyze if V is a translational surface; i.e. whether V has a parametrization of the standard form
and in the affirmative case, we compute it. We denote by Ci the space curve over K defined by Pi, for i = 1, 2. Throughout the paper, we assume that V is not a cylindrical surface (a parametrization for cylindrical surfaces can be computed from the results in [6] ). This assumption is essential to prove the results we present in this paper (for more details see [5] ). Some additional properties concerning a parametrization of the form given in Eq. (1) are provided in Proposition 1 in [5] . The most important that is used in the results presented in this paper is the following: for every t Theorem 1 provides a method for computing the space curve C1. Afterwards, a rational parametrization P1 of C1 can be computed by applying the results in [2] . In the following, fx i denotes the partial derivative of f w.r.t. xi. Theorem 1. Let V be a translational surface. There exists (a1, a2, a3) ∈ K 3 \ {(0, 0, 0)} such that the space curve C1 ⊂ K 3 properly parametrized by P1 is defined by f ( x ) and g( x ), where g(
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∈ Ω), one may construct a rational space curve lying on V (which will play the role of C1) that combined with the space curve obtained from Theorem 2 (that will be the curve C2), will provide a parametrization for V in the form given in Eq. (1) (if it exists) . Corollary 1. Let V be a translational surface. For every P 2 (t 0 2 ) = (a1, a2, a3) ∈ K 3 \ {(0, 0, 0)}, it holds that f ( x ) and g( x ), where g( x ) := a1fx 1 ( x ) + a2fx 2 ( x ) + a3fx 3 ( x ), define a rational space curve properly parametrized by P1(t1) := P1(t1)+P2(t 0 2 ). In addition, P1(t1)+P2(t2) parametrizes V, where P2(t2) := P2(t2) − P2(t 0 2 ).
In the following, we consider a rational space curve defined by f ( x ), g( x ), where g( x ) := a1fx 1 ( x ) + a2fx 2 ( x ) + a3fx 3 ( x ) (see Theorem 3 and Remark 2 for the selection of (a1, a2, a3)). We denote this curve as C1, and let P1 be a parametrization of C1 (if V is translational, this curve will play the role of the space curve C1 introduced in Eq. (1)). Theorem 2 provides a necessary and sufficient condition so that V is a translational surface. More precisely, V is a translational surface iff a variety generated from C1 contains a rational space curve. This space curve will play the role of C2, and P2 will be a parametrization of it. In the following, let h( x , t1) := f (P1(t1) + x ) = h( x )Ψ( x , t1)p(t1), where Ψ( x , t1) := ψ0( x )+· · ·+ψn( x )t n 1 , and gcd(ψ0, . . . , ψn) = 1.
Theorem 2. The following statements are equivalent: 1. V is a translational surface. 2. There exists a rational space curve C2 parametrized by P2(t2) such that P(t1, t2) = P1(t1) + P2(t2) parametrizes V. 3. It holds that C2 ⊂ V (ψ0, . . . , ψn). In addition, if P2 is a parametrization of any rational space curve included in the variety V (ψ0, . . . , ψn), then P1(t1) + P2(t2) parametrizes V. Remark 1. The computation of C2 can be improved as follows: we do not need to compute the variety V (ψ0, . . . , ψn) but a simpler one that generates the same space curves than V (ψ0, . . . , ψn). More precisely, for "almost all" pair of values s1, s2 ∈ K, any rational space curve D ⊂ V (ψ0, . . . , ψn) can be defined by the polynomials Ψ( x , si) ∈ K[ x ], i = 1, 2 (see Theorem 3 in [5] ). Any of these space curves D can play the role of C2, and P2 will be a parametrization of it (a parametrization of D, can be computed by applying e.g. [2] ).
In order to simplify the computation for practical application, we refine the selection of (a1, a2, a3) by the following theorem that provides a necessary (but not sufficient) condition for the computation of a space curve that will play the role of C1. Theorem 3 generalizes Corollary 1 in the sense that for each vector (a1, a2, a3) ∈ W (W is the surface defined by Q(t1, t2) = (t1q1(t2), t1q2(t2), t1q3(t2)), where P 2 (t2) := (q1(t2), q2(t2), q3(t2))), one may construct a rational space curve that will play the role of C1. In fact, one of this vectors can be (a1, a2, a3) ∈ K 3 with a1a2a3 = 0 and ai = 1 for some i ∈ {1, 2, 3} (see Remark 2).
Theorem 3. Let V be a translational surface. For every non-zero vector (a1, a2, a3) ∈ W, it holds that there exists t 0 2 ∈ K such that polynomials f ( x ) and g( x ), where g( x ) := a1fx 1 ( x ) + a2fx 2 ( x ) + a3fx 3 ( x ), define a space curve properly parametrized by P1(t1) := P1(t1) + P2(t 0 2 ) ∈ K(t1) 3 . In addition, P1(t1) + P2(t2) parametrizes V, where P2(t2) := P2(t2) − P2(t 0 2 ).
Remark 2. It is proved that the vector (a1, a2, a3) ∈ W with a1a2a3 = 0 and ai = 1 for some i ∈ {1, 2, 3} (see Lemma 3 in [5] ). Thus, one may apply Theorem 3, and consider a rational space curve C1 defined by f ( x ) and g( x ), where g( x ) := a1fx 1 ( x )+a2fx 2 ( x )+a3fx 3 ( x ) (a1a2a3 = 0 and ai = 1 for some i ∈ {1, 2, 3}). Afterwards, from Theorem 2, we determine C2 if it exists (it depends on whether V is a translational surface or not). Finally, Pi, i = 1, 2 is a rational parametrization of Ci, i = 1, 2, respectively (one computes Pi by applying [2] ). Example 1. Let V be the surface implicitly defined by the polynomial f ( x ) = 2x1x
